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In quasi-optical gyrotrons the beam injection angle (angle between the
electron beam and radiation beam) has considerable influence on the gain,
harmonic operation and efficiency. This paper investigates the effect on the
gain mechanism. Two regimes of operation are identified, namely gain nearly
proportional to 12 (1 is the interaction length) for small angles and gain nearly
proportional to l for large angles. The transition angle separating the two
regimes is found and is approximately given by (A/1)'/ 2 where A is the wave
length. By choosing the parameters appropriately one can run the gyrotron
in the high gain regime.
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1. Introduction
Great progress made in controlled nuclear fusion research has resulted in
new demands for gyrotrons with higher performances for tokamak plasma
heating. Research efforts are being made at many laboratories to pursue
higher frequencies and greater powers. To circumvent the serious problem
of mode competition encountered in high-frequency gyrotrons, quasi-optical
cavities(1'-9a) have been adopted as one of the approaches. In the past,
most of theoretical and experimental work has dealt with cases where the
radiation and electron beams are in either parallel or perpendicular config-
urations. Ref.[1] to [6] have analyzed geometries with an arbitrary beam
injection angle. However the influence of the angle on the interaction mech-
anism has not been fully explored so far.
Analysis shows that the angle between radiation and electron beams influ-
ences gain, harmonic performance and efficiency. It adds both flexibility and
complication to gyrotron performance. This paper will dwell on the topic of
gain mechanisms. In Section 2 the general gain mechanism in quasi-optical
gyrotrons is analyzed. In Section 3 the influences of various angles on the
gain mechanisms are investigated. Section 4 gives conclusions.
2. General Analysis of the Quasi-optical Gyrotron
Gain
From Ref. [2] the linear efficiency can be formulated as
El e2G
877- 1)m 2c2 v~ 1
where EO is the amplitude of the electric field, v11 is the velocity component
of the electron parallel to the d-c magnetic field, y is the relativistic energy
factor of the electron, c is the light velocity, e and m are the electric charge
and the mass of the electron respectively. The gain function G is
G = 3k _ (1 -- x2co 2 0) _ 12 211 + 2_xcosO + 2F 1 ] (2)011 dx K 31
2
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detuning ( = qir(1 + x), x (we - w)/(k 11v11), k = kcosO, w, = eBo/(ymc), q
is the number of standing wave peaks within the interaction length, W and k
are the circular frequency and wave number of the plane wave, 9 is the angle
between the radiation and electron beams and 1 is the interaction length. In
this paper we only discuss the uniform field profile.
As pointed out in Ref.[2], the first two terms in Eq. (2) result from the
relativistic dependence of the electron cyclotron frequency on velocity. The
first term is caused by interaction of electrons with electric fields and con-
tributes mainly in the ECRM instability. The second term comes from axial
bunching caused by v, x B1 (B 1 is the magnetic field of the electromagntic
wave) force which also produces the fourth term. These two terms correspond
to the Weibel instability. The third term comes from transverse bunching
caused by v11 x B 1 . The last term results from energy absorption.
One can see from Eqs. (2) and (4) that the first two terms scale as 13
and can be much bigger than the other three terms. They always counteract
each other, which is a unique characteristic for gyrotron interaction("). This
situation determines two operation regimes for the quasi-optical gyrotron
with arbitrary beam injection angle.
In the first regime, which occurs for larger angles, the first term dominates
in Eq.(2). In this case the gain scales as 13. Plotting the first term versus
in Fig.1a one can see that it reaches its maximum at approximately
1 = -2.5 (5)
When the maximum of the total gain is reached at ( = -2.5, we define it
the l gain regime. In this regime, the gain scales as length to a power that
is nearly equal to 3. The exact gain scaling as a function of angle will be
discussed below. Note that the gain characteristics are the same as those for
the free electron laserMg).
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In the second regime, which occurs at small angles, the first two terms
are comparable but still remain much bigger than the remaining three terms.
When 9 = 0, one can see that the first two terms scale as 12 since 1 - x2
(1 - x)(/qr ~ 2 /kll. A plot of the first two terms is given in Fig.1b. The
main maximum is reached at about
2 = 7.5 (6)
When the maximum of the total gain is reached at ( = 7.5, we define it the
12 gain regime. The minor maximum is reached at about = -7.5. These
also correspond to the maximum points of the 12 gain regime.
3. Influence of Injection Angle on Gain Mechanism
Since the theory in Ref.1 is a one-dimensional model while with a nonzero
injection angle the finite size of the radiation beam cross-section must be
taken into account, a finite optical beam radius, w, is imposed on the calcu-
lation model (see Fig.2). A plane wave model was used for the optical mode
inside the resonator.
Define an angle
0 = aretan -- (7)( f )
The interaction length is determined according to
1=1 L/cosO if 9 < 0 (8)2w/sinG if 9 > o
Note that this definition of I is important in providing correct limiting
values as 9 approaches 900. The conclusions presented in this paper are not
dependent on the specific value of 0o in Eq.7.
The gain (Eq.2) has been calculated versus detuning for various an-
gles with f=140GHz, V=50kv, v±/v 1=2 and q=46 corresponding to a cavity
length of 4.9cm. The curves are shown in Fig.3. One can see that when
0 = 0 the gain spectrum is nearly symmetrical with two maxima, the one
near = 7.5 being slightly higher. Tilting the beam a little the spectrum
becomes asymmetrical, the minor maximum shifting toward = -2.5 while
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the main maximum remains the same, which can be seen from Fig.3b and
Fig.3c. When 9 > 120, the main maximum begins to drop and the highest
gain is reached near = -2.5, which is shown in Fig.3d and Fig.3e. When
9 > 240, the spectrum remains nearly antisymmetrical as is shown in Fig.3f.
A plot of at maximum gain versus angle is shown in Fig.4. One can
see there exist two distinct operation regimes, one in 9 < 120, the other in
9 > 240. These are the very 12 and 1' gain regimes described in §2. Between
these regimes is a transition region.
A plot of maximum gain versus angle is shown in Fig.5. One can see a
dramatic rise in gain when 9 increases from 120 to above 240.
A plot of the first, last and remaining terms of Eq.2 is shown in Fig.6. The
top curve corresponds to contributions from the electric fields, the middle
from absorption and the bottom from v x B1 force. One can see that at
9 = 120 both gains due to E1 and B1 fields rise dramatically but in opposite
direction. After reaching maxima simultaneously, they both drop down. At
9 = 900 the B1 field gain vanishes and only the E1 gain remains. This
is because when the wave vector k is perpendicular to z axis, the B1 field
will be parallel to z axis so that v x B1 = v 1 x B1 . In the integral for the
perturbed distribution function the B 1 field contribution
afo '9fo 8fo(v x Bj) - -= (v- x BI) -n( + -- ) (9)
and (vi x B 1 )-(6fo/8p±) 0 and (v x B1).(fo/8p 1 ) = 0 since B 1  puj.
The influence of the absorption term is small. Fig.7 gives contributions
from the second term (lower curve) and the third and fourth terms (upper
curve) of Eq.2. Fig.8 gives the log gain versus log cavity length under various
angles. One can see the obviously different scalings between regions 9 < 100
and 9 > 100. These are the very 12 and 1' gain regimes.
To define the transition from the 2 regime to P3 regime, one can determine
the transition angle at which the gain calculated with = , equals the gain
calculated with ( = 6. This results in the following equation:
X{F2 (1) - x2F 2 (+2) ± 2 ± + [X1Fi() - x2 F1(C2 ) os
5
21 2F+2[F 1((1) - F1( 2 )]cos0 + -- [F2(62) 3 2(1)] = 0(10)
where
F,(() = ) 2 (1 - ) (11)
1 - X 2 2
and
F2() (q7r ( cost - sin\ (12)
- 8 I 2 )(2
( and 2 are the detunings corresponding to the maxima in the regions < 0
and > 0 respectively. Note that in the transition region j # -2.5 as in
Eq.5. The maximum must be searched for in the region ( < 0. Since is a
function of cosO, Eq.10 must be solved by iteration.
A plot of the transition angle versus interaction length for two groups
of quite diverse parameters is given in Fig.9. The horizontal lines indicate
there is no solution for Eq.10. One can see that the transition angle does not
change drastically with different cases and they range roughly from 50 to 120.
This is due to the fact that in the transition region 2 remains unchanged
at 7.5 and the coefficients of Eq.10 change nearly proportionally. So the
transition angle is not sensitive to the change of parameters.
An approximate expression for the transition angle can be obtained by
neglecting the 12 terms in Eq.2 and approximating cosO with 1 - 02/2. One
can show that the gain is proportional to
d__(_) dF1 (() i(/) 2
13 __2/2 + 7r(l/A)0 2] ;, 13 [d + i(I/A)021 (13)
A d
if < 21r(I/A), which is often the case. The maximum of this function
changes from ( ~ 7.5 to ( ~ -2.5 when 7r(I/A)0 2 ~ 3.4. Thus one can write
,. ~ A/1 (14)
This is in agreement with the results of Fig.8 and 9. In particular, Eq.14
predicts the transition from 12 to 13 gain in the 200 case of Fig.8. In fact,
t,., will depend weakly on the beam parameters due to the effect of the 12
terms.
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4. Conclusion
Influence of beam injection angles on the operation mechanism of quasi-
optical gyrotron is investigated in this paper. Analysis shows that there
are two regimes of operation separated by a transition angle. Above the
transition angle is the Pa gain regime where the azimuthal bunching term
caused by the E1 field dominates the opposing main Weibel term. Below the
transition angle is the 2 gain regime where these two terms nearly cancel.
By choosing parameters appropriately one can run the quasi-optical gyrotron
in the 1' high gain regime.
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FIGURE CAPTIONS
9 Fig.la Sample spectrum for l? gain.
8
e Fig.lb Sample spectrum for 12 gain.
" Fig.2 A model for calculation. 1 is the interaction length, L is the cavity
length, w is the mirror radius, 8 is the angle between radiation beam
and electron beam.
* Fig.3a Gain from Eq.(2) is plotted vs. detuning at 00 for a 50kV elec-
tron beam, a=2, f=140GHz, number of half-wavelengths = 46, cavity
length = 4.92857cm, mirror radius = 0.58cm.
" Fig.3b Gain spectrum for 5'. The parameters are the same as Fig.3a.
" Fig.3c Gain spectrum for 120. The parameters are the same as Fig.3a.
This is a critical case, after which the gain scales as 1'.
" Fig.3d Gain spectrum for 140. The parameters are the same as Fig.3a.
* Fig.3e Gain spectrum for 240. The parameters are the same as Fig.3a.
" Fig.3f Gain spectrum for 600. The parameters are the same as Fig.3a.
" Fig.4 Detuning at the maximum gain versus various angles. The pa-
rameters are the same as Fig.3a.
* Fig.5 Maximum gain versus angle. The parameters are the same as
Fig.3a.
" Fig.6 Contributions from various gain terms in Eq.(2). The parameters
are the same as Fig.3a. The upper line is the contribution from the
electric field. The middle line is that from absorption. The lower line
is that from the magnetic field.
" Fig.7 Contributions from V cross B terms. The parameters are the
same as Fig.3a. The upper line is from 12 terms while the lower line is
from the lP term.
" Fig.8 Log of maximum gain versus log of interaction length at different
angles. Frequency = 140.GHz, voltage = 50kV, velocity ratio = 2.0,
interaction length varies from 1cm to 5cm.
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" Fig.9a Transition angle versus number of standing wave peaks within
the interaction length. Frequency = 140GHz, voltage = 50kV, velocity
ratio = 2.0.
" Fig.9b Transition angle versus number of standing wave peaks within
the interaction length. Frequency = 280GHz, voltage = 700kV, velocity
ratio = 0.6.
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